In this paper, we characterize the k-fair dominating sets in the join, corona, composition, and Cartesian product of graphs. We also determine the bounds or exact values of the k-fair domination numbers of these graphs.
Introduction
Let G = (V (G), E(G)) be a graph and v ∈ V (G). The neighborhood of v is the set N G (v) = N (v) = {u ∈ V (G) : uv ∈ E(G)}. •
Lemma 2.8 Let K n be the complete graph of order n and k a positive integer
The result now follows. 
Proof. Suppose that S is a kFD-set of G + H. Suppose further that S = V (G + H). Consider the following cases.
The converse is easy. 
Proof. Suppose that G has a kFD-set S with |S| = k. Then, by Theorem 3.1,
k-Fair Domination in the Corona of Graphs
Let G and H be graphs of order m and n, respectively. 
(
. Consider the following cases:
Consider the following subcases:
contrary to our assumption that C is an FD-set. Thus,
contrary to the assumption that C is an FD-set. Therefore A is an rFD-set for some r ∈ N and
, where A is as described in (iv). The converse is clear.
Theorem 4.2 Let G and H be non-trivial connected graphs, and let k be a positive integer with
k ≤ |V (H)|. Then C ⊆ V (G • H) is a kFD-set in G • H if
and only if one of the following holds:
Proof. This follows from Remark 2.4 and Theorem 4.1 (and its proof).
Corollary 4.3 Let G and H be non-trivial connected graphs of orders m and n, respectively, and let k be a positive integer with
Finally, suppose that k ≥ 2 and H has no kFD-set S with
This proves the assertion.
k-Fair Domination in the Composition of Graphs
The composition of two graphs G and H is the graph
and edge-set E(G[H]) satisfying the following conditions: (x, u)(y, v) ∈ E(G[H]) if and only if either xy ∈ E(G) or x = y and uv ∈ E(H).

Theorem 5.1 [1] Let G and H be connected graphs. Then C ⊆ V (G[H]) is a dominating set in G[H] if and only if
C = x∈S ({x} × T x ) and either (i) S is a total dominating set in G, or (ii) S is a dominating set in G and T x is a dominating set in H for all x ∈ S\N G (S).
Theorem 5.2 Let G and H be non-trivial connected graphs. Then
C = x∈S ({x} × T x ) ⊆ V (G[H]) is
a kFD-set of G[H] if and only if the following hold:
(i) S is a dominating set of G,
Proof. Suppose that C is a kFD-set. Then S is a dominating set by Theorem 5.
Now, let y ∈ V (G)\S and let c ∈ V (H). Then (y, c) / ∈ C and
Therefore, (iv) holds. Suppose that (i), (ii), (iii), and (iv) hold. Then by Theorem 5.1, C is a dominating set of G [H] .
Consider the following cases:
Then a / ∈ T x . Consider the following subcases:
The following result immediately follows from Theorem 5.2.
Corollary 5.3 Let G and H be non-trivial connected graphs. Then
The next result is a consequence of Corollary 5.3.
Corollary 5.4 Let G and H be non-trivial connected graphs. Then
γ 1f d (G[H]) = γ 1f d (G).
k-Fair Domination in the Cartesian Product of Graphs
The Cartesian product of two graphs G and H is the graph G H with vertex-
and edge-set E(G H) satisfying the following conditions: (x, a)(y, b) ∈ E(G H) if and only if either xy ∈ E(G) and a = b or x = y and ab ∈ E(H).
Let C ⊆ V (G H). Then the G-projection C G and H-projection C H of C are, respectively, the sets C G = {x ∈ V (G) : (x, a) ∈ C for some a ∈ V (H)} and C H = {b ∈ V (H) : (y, b) ∈ C for some y ∈ V (G)}. Fur- ther, if x ∈ C G , then T x = {a ∈ C H : (x, a) ∈ C} and if a ∈ C H , then D a = {x ∈ C G : (x, a) ∈ C}.
Theorem 6.1 [3] Let G and H be connected graphs. Then C ⊆ V (G H) is a dominating set of G H if and only if either
(a) C G = V (G) and for each x ∈ V (G), V (H)\T x ⊆ M x = ( y∈N G (x) T y ) ∪ N H (T x ), or (b) C H = V (H) and for each a ∈ V (H), V (G)\D a ⊆ R a = ( b∈N H (a) D b ) ∪ N G (D a ).
Theorem 6.2 Let G and H be non-trivial connected graphs of orders m and n, respectively, and k and r be integers with
, and
Proof. Suppose that C is a kFD-set of G H. Then (i) holds by Theorem 6.1. Let x ∈ V (G) and let a ∈ V (H)\T x . Since (x, a) / ∈ C and C is a kFD-set,
T x i . This shows that (ii) holds.
Suppose that (i) and (ii) hold. Then, by (i), C is a dominating set in G H. Also, by (ii), it can be shown that C is a kFD-set. To see this, consider the graphs shown in Figure 3 . The shaded vertices in each graph form a γ kf d -set. Thus, (a) 
Corollary 6.3 Let G and H be non-trivial connected graphs of orders
m and n, respectively, and k a positive integer with 1≤ k ≤ min{m, n}. If D is a kFD-set of H, then V (G) × D is a kFD-set of G H. Proof. Let D be a γ kf d -set of H. For each x ∈ V (G), let T x = D. Then V (H)\T x ⊆ N (T x ) and |N H (a) ∩ T x | = k for each a ∈ V (H)\T x . Thus, by Theorem 6.2, V (G) × D = x∈V (G) [{x} × T x ] is a kFD-set of G H. Therefore, γ kf d (G H) ≤ m|D| = mγ kf d (H). Further, since G H ≈ H G, the desired result follows.γ kf d (G H) ≤ min{n · γ kf d (G), m · γ kf d (H)}. Proof. Let D be a γ kf d -set of G. Then C 1 = D × V (H) is a kFD-set of G H by Corollary 6.3. Hence, γ kf d (G H) ≤ |C 1 | = |D||V (H)| = n · γ kf d (G). Let T be a γ kf d -set of H. Then C 2 = V (G) × T is a kFD-set of G H by Corollary 6.3. Hence, γ kf d (G H) ≤ |C 2 | = |V (G)||T | = m·γ kf d (H). Therefore, γ kf d (G H) ≤ min{n · γ kf d (G), m · γ kf d (H)}.γ 1f d (P 5 P 4 ) = 4 < min{8, 10} = {n · γ 1f d (P 5 ), m · γ 1f d (P 4 )}, (b) γ 2f d (P 5 P 4 ) = 11 < min{12, 15} = {n · γ 2f d (P 5 ), m · γ 2f d (P 4 )}, (c) γ 3f d (P 5 P 4 ) = 13 < min{20, 20} = {n · γ 3f d (P 5 ), m · γ 3f d (P 4 )}, (d) γ 4f d (P 5 P 4 ) = 17 < min{20, 20} = {n · γ 4f d (P 5 ), m · γ 4f d (P 4 )}, (e) γ 1f d (P 2 P 3 ) = 2 = min{3, 2} = {n · γ 1f d (P 2 ), m · γ 1f d (P 3 )}, and (f ) γ 2f d (P 2 P 3 ) = 4 = min{6, 4} = {n · γ 2f d (P 2 ), m · γ 2f d (P 3 )}.
